where g ZJ is the (i,j) entry of the inverse of the matrix (gij). Unless otherwise indicated we always sum over repeated indices from 1 to n. So for the norm of the tensor T, iii) A | A\ 2 = 2h^V i V j H + 2 |V^| 2 + 2Z. The following lemmas are used in [Hul] and [Hu2] . Finally we will also need the following Bochner formula, the proof of which is a standard computation interchanging covariant derivatives and using the Gauss equations. LEMMA 1.9.
AF(x,t) = -H(x,t)u(x,t
2. Short time existence, preservation of convexity and elementary properties of the flow. THEOREM 2.1 (Pihan, [P] The 'short times' of Corollaries 2.2 and 2.3 may not be the same. When we refer to a solution on [0, T), we always take the smallest T > 0 necessary such that all relevant quantities are positive and finite.
A trivial modification to the proof of Hamilton's maximum principle for tensors on manifolds from [Ha] incorporates h (t) > 0 in front of the Laplacian. Then, similarly as in [Hul] and [Hu2] , we have: We verify as in [P] ivo.(E,) = / a div R "" (f) «r-J {%.»)*.
using (1), (2) MQ. 3. The solution remains within a bounded region of R n+1 . In this section we show that the solution hypersurface Mt remains within a large ball whose radius depends only on the initial hypersurface MQ and is, in particular, independent of time. The result is based upon a theorem from [CG] .
Notation
• V and g denote the covariant derivative and metric on § n .
• E + = {a G R : a > 0}.
• For any unit vector 77 G § n C R ri+1 ,
THEOREM 3.1 (Chow, Gulliver, [CG] ). Let u € C 2 ( § n x [0,T)), 0 < T < 00, be a solution to the PDE 
REMARK. Chow and Gulliver consider G which depends on the slightly more general matrix V 2 u 4-cgu, where c < 1 is a constant. Their G also depends explicitly upon u. Consequently they require G to satisfy a monotonicity condition.
Unlike Chow and Gulliver, we have stated Theorem 3.1 without a Lipschitz 1 continuity hypothesis on G. Then the theorem can be applied to the G's arising for many curvature flows including the surface area preserving mean curvature flow. The proof remains the same, except that the comparison principle for nonlinear parabolic PDEs is used instead of the Lipschitz continuity of G.
We will apply Theorem 3.1 to the real-valued support function of Mt, defined as in [Anl] and [U] . An alternative, equivalent definition, along with elementary properties of the support function, can be found in [L] .
where v" 1 : S n -» § n is the inverse Gauss map of M. Geometrically, the support function Z {x) gives the perpendicular distance to the origin of the tangent plane Tp^-i^M.
M may be parametrised using its support function. The following result is from [Anl] . 
F{x) = Z(x)x + VZ{x).
As the flow (1) preserves strict convexity for a short time, the support function of M u Z (•, t) : S n -> R, can be defined by
where z^-1 : § n -> S n is the inverse Gauss map of M*. It is straightforward to derive, similarly as in [U] , the evolution equation for the support function under the flow (1). REMARK. The parametrisation in Lemma 3.2 will not be preserved by the flow unless we incorporate a tangential diffeomorphism. However, here we will only need to use Lemma 3.2 at a fixed time.
Also as in [U] we note that the support function of M t and the inverse of the Weingarten map of M*, W -1 are related by
Hence the mean curvature is given in terms of the support function by
. For t e [0,T), M t c B r (O), where r = r (MQ).

Proof. Fix t G [0,T) and set P = max x€ §n Z (X^Q).
Comparing equation (5) with (4), in view of (6) and (7), and so i.i r '
fS-MO-
by Corollary 2.3. By Theorem 2.5 and Corollary 2.2, strict convexity is preserved for t € [0,T). Hence Theorem 3.1 can be applied to (5); part hi) gives that there is a A = A (MQ) such that where we have also used Theorem 3.1, iv).
Hence the result, with r = f + ( ( Jff n+1 ) ". □ REMARKS.
1. As consequences of this result, the diameter of Mt remains bounded under the flow and M t does not drift out to oo in some direction. 2. A analogous argument to the above can be used to show solutions of the volume preserving mean curvature flow, considered in [Hu2] , remain within a suitably large ball, using the fixed volume instead of the fixed area. The argument would also work for other constrained flows such as those in [M] . 3. Using Chow and Gulliver's theorem we have achieved this result before obtaining uniform bounds on curvatures and their derivatives, in contrast to the method of Huisken in [Hu2] .
Evolution equations.
The following evolution equations for the surface are preserving mean curvature flow may be derived similarly as in [Hul] or [P] . Prom now on, V and A denote the covariant derivative and Laplace-Beltrami operator on Mt. 
Positive bounds on h (t). By Proposition 3.4, the diameter of
Proof. In view of Lemma 5.4, the maximum principle is applicable to ^r. This gives (14) ^ (•,*) < max f 14! J = Co = Co (Mo)
Now the constant Co < 1 by Lemma 1.4, ii) and Theorem 2.4. In fact, Co < 1, since if maxM 0 (^r) = 1, then at some point p of Mo, by compactness,
In terms of the principal curvatures of Mo, this would mean that y rC^ rVo" --U at p, which is not possible for a strictly convex initial hypersurface MQ. Hence from (14), for some b £ (0,1), for each x 6 S n and all * 6 [0,T),
Proof. Consider the case of n = 2 first. Using (9), (11) and the Gauss-Bonnet Theorem, (12),
JMt using also Corollary 5.5. The result follows. For n > 2, the Gauss-Bonnet theorem cannot so easily be applied. However, the Aleksandrov-Fenchel inequality for mixed volumes can be employed. 
6. A pinching estimate. As in [Hul] and [Hu2] , the quantity a measure of the difference between the principal curvatures, is bounded by a power of the mean curvature. This inequality is very similar to those obtained in [Hul] and [Hu2] . Consequently, the following analysis proceeds similarly. However here we must also use that h (t) > 0 by Corollary 2. To prove Theorem 6.1 we also need three well known results:
LEMMA 6.8 (Michael-Simon Sobolev inequality, [MS] 
and
.11 (Stampacchia, [St] This is the same result as in [Hul] for the original mean curvature flow. In [Hu2] , Huisken obtained for the volume preserving mean curvature flow the slightly weaker result |Vtf| 2 <77fT£ + C(ra,Afo,7 ? ),
where HT = maxte[o,T) max^Mt H {x,t). However, using the Aleksandrov inequality for mixed volumes, we obtain in Section 9 the stronger estimate for the volume preserving mean curvature flow as well. Using Corollary 4.5, ii) and Lemma 1.9, we easily compute:
Then using the Cauchy-Schwaxz inequality, Corollaries 2.2 and 2.3 and Lemmas 1.4, ii) and 1.5, we have
The following inequalities, similar to those in [Hu2] , are easily obtained using Theorem 6.1 and the Cauchy-Schwarz and Young's inequalities. Using Lemma 7.4 and Corollaries 4.6, ii) and 4.5, we obtain where Ni, N2 and iVs are large constants to be chosen later. In [Hu2] , Huisken instead used
for iVi and N2 suitably large. By using g we avoid the evolution equation for h (t), but we do need the bounds on h (t) from Section 5. We compute using Corollary 7.3 and Lemma 7.5,
We estimate the terms above not involving \VA\ using the bounds on h (t), Theorem 6.1 and Young's inequality:
for all 77 > 0. Also, using Corollaries 5.3 and 5.7,
so if we take N2 > 7 n -t)L, 1 the H \VA\ term in (28) may be neglected, leaving ^g <hAg + h /JV 2 ci + iV3C 2 -^^^1} I V^| 2 + hUn-fc^JVs j i7 2 |VA| 2 + 77i? 6 + Cs (n, MQ, 77) i? 2 .
We now show by contradiction that for any rj > 0 there is a constant CA (ft> M^^rf) such that, for 0 < t < T,
Choose CA large enough that the inequality holds at t = 0 and then suppose there is a first time t = to < T where g where we may take a larger CU (n, Mo,rj) earlier if necessary for inequality (30) to also hold. CA would then also depend upon iVi, iV2 and N3, but these will all be chosen depending only on n, MQ and ry. Hence This completes the proof of Theorem 7.1. D As in [Ha] , [Hul] and [Hu2] we next use THEOREM 7.6 (Myer's Theorem). If Rij > (n -l)Kgij along a geo-desic of length at least 7rK~^ on M, then the geodesic has conjugate points.
Similarly as in [Hul] and [Hu2] , to use Myer's theorem we need LEMMA 7.7. The inequality
is preserved for t £ [0,T) ; where e > 0 is the constant of Lemma 2.5, The proof of this lemma is a straightforward contraction of the Gauss equations followed by two applications of the inequality of Theorem 2.5. The proof of this corollary is almost identical to the corresponding proof in [Hu2] , using Theorem 7.1, Theorem 2.5 and Myer's theorem to show that if H were not uniformly bounded, then all principal curvatures of Mt would tend to infinity everywhere. In [Hu2] this contradicts the constant volume property, while here this would contradict the constant surface area property, Lemma 2.6. 8. Estimates for higher derivatives of curvature and long time existence. Following closely the technique of Huisken in [Hu2] , inspired by Hamilton in [Ha] , and also using the bounds on-ft {t) from Section 5, it is straightforward to derive the following result. Here V m T denotes the rath iterated coyariant derivative of a tensor T. Since the uniform bounds on |V m >l| for all ra do not depend on t, COROLLARY 8.2. We may take T -oo. Exponential convergence to the sphere follows as in [Hul] , using a standard interpolation argument and the Sobolev inequality. In particular, |i4| -^H 2 , the speed of the Mt*s and all curvature derivatives decay exponentially to zero. Hamilton's theorem for uniformly equivalent metrics, from [Ha] , can be used to show that the metrics gij (-,1) converge uniformly to a smooth, positive definite metric gij (-,00) as t -» 00. Since |i4| -^H 2 -» 0, gij (-,00) is the metric of a sphere. By Lemma 2.6 this sphere has surface area equal to |Mo|. This completes the proof of Theorem 2.8. hy (t) = \Mt\ is shown in [Hu2) to preserve the volume V enclosed by Mt, while the surface area \Mt\ is nonincreasing. Furthermore, the flow preserves strict convexity for a short time, so using the Aleksandrov-Fenchel inequality for mixed volumes to estimate / M H cfy^, we can bound |Vif | in a similar way as in Section 5. This simplifies the argument in [Hu2] and also avoids computing the evolution equation for hy (£). By the Favard inequality, (38),
Therefore, recalling (33), where Ci and C2, constants depending only on n and MQ, arise in the same way as in Section 7. It follows similar as in Section 7, using (34) and the equivalent pinching estimate from [Hu2] to Theorem 6.1, that for all 77 > 0,
\VH\ 2 <riH 4 + C(n,Mo,v)>
A lower positive bound on hy (t) is not needed here.
Appendix A. Curvature integral estimates using mixed volumes and applications. As in [BZ] , we write the m-th mixed volume of a convex region E t as (41), (42) and (43) gives ( The lower bound on f M H dfit also combines with the upper bound on f M H 2 dfit of Corollary 5.6 to yield the lower bound on h, Corollary 5.7, again without the diameter estimate.
